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COMPLETIONS AND DERIVED DE RHAM COHOMOLOGY
BHARGAV BHATT
ABSTRACT. We show that Illusie’s derived de Rham cohomology (Hodge-completed) coincides with Hartshorne’s algebraic
de Rham cohomology for a finite type map of noetherian schemes in characteristic 0; the case of lci morphisms was a result of
Illusie. In particular, the E1-differentials in the derived Hodge-to-de Rham spectral sequence for singular varieties are often
non-zero. Another consequence is a completely elementary description of Hartshorne’s algebraic de Rham cohomology: it is
computed by the completed Amitsur complex for any variety in characteristic 0.
1. INTRODUCTION
Let X be an algebraic variety over a characteristic 0 field k. If X is smooth, then the cohomology of the alge-
braic de Rham complex Ω∗X/k is a good cohomology theory for X [Gro66]: it is canonically isomorphic to the Betti
cohomology of Xan if k = C, and hence gives a purely algebraic definition of the “true” cohomology groups of X .
However, if X is singular, then the de Rham complex of X is rather poorly behaved as Ω1X/k is not locally free, and
the cohomology of Ω∗X/k does not compute the desired groups (see [AK11, Example 4.4]). Instead, motivated by
the analogy between formal completions in algebraic geometry and tubular neighbourhoods in topology, Hartshorne
[Har75] discovered1 the “correct” recipe: if i : X →֒ Y is a closed immersion with Y smooth, then the cohomology
of the formal completion of the de Rham complex of Y along X is independent of the choice of Y , and computes the
“true” cohomology groups of X . We call this theory “algebraic de Rham cohomology” in this note.
Another generalisation of de Rham theory for singular varieties, suggested by Illusie [Ill72, §VIII], entails replacing
the cotangent sheaf Ω1X/k with the cotangent complex LX/k in the definition of the de Rham complex; we refer to the
resulting cohomology theory as “(Hodge-completed) derived de Rham cohomology.” Essentially by direct calculation
of the cotangent complex, Illusie showed [Ill72, Corollary VIII.2.2.8] that derived de Rham cohomology coincides
with algebraic de Rham cohomology for varieties with lci singularities. Our main goal in this note is to show that this
last comparison holds in complete generality:
Theorem. The Hodge-completed derived de Rham cohomology of any finite type morphism of noetherian Q-schemes
is canonically isomorphic to Hartshorne’s algebraic de Rham cohomology (ignoring filtrations).
For a precise formulation, see Corollary 4.27. One consequence is a manifestly choice-free construction of algebraic
de Rham cohomology where certain properties (like the Kunneth formula) are obvious. Moreover, the Hodge filtration
on derived de Rham cohomology defines a new filtration — the derived Hodge filtration — on algebraic de Rham
cohomology. This filtration is finer than the standard Hodge-theoretic filtrations on algebraic de Rham cohomology
(such as the infinitesimal Hodge filtration or the Hodge-Deligne filtration), and is a shadow of a spectral sequence —
the derived Hodge-to-de-Rham spectral sequence — computing algebraic de Rham cohomology. The theorem above
shows the non-vanishing of many differentials of this spectral sequence: the cohomology of the graded pieces of the
derived de Rham complex is often infinite dimensional (due to singularities), but the cohomology of the total complex
is always finite by the above theorem, so there must be “cancellation” throughout the spectral sequence.
An elementary consequence of our methods is an explicit description of Betti cohomology for algebraic varieties
via the completed Amitsur complex, generalising Grothendieck’s recipe [Gro68] from the smooth case. We present it
here in the absolute affine setting, and simply note that it naturally extends to arbitrary flat maps (see Corollary 4.30):
Corollary. Let X = Spec(R) be a finite type affine C-scheme. Then there is a multiplicative isomorphism
RΓ(Xan,C) ≃
(
R→ R̂⊗2 → R̂⊗3 → . . .
)
(1)
where the completion on the right takes place along the multiplication maps R⊗n → R, and the differentials are the
alternating sums of the coprojection maps.
1This construction is due independently to Deligne (unpublished, 1970), and Herrera-Lieberman [HL71].
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Isomorphism (1) above can be viewed as a “formal” period integral. For example, if R = C[t, t−1] is the co-
ordinate ring of a torus T , then the closed form dtt ∈ Ω
1
T/C is a generator of H
1(T an,C) under the de Rham-Betti
isomorphism, and is represented by the cocycle∫ 1⊗t
t⊗1
dt
t
:= log(
1⊗ t
t⊗ 1
) ∈ R̂⊗C R
under isomorphism (1) above.
Finally, we remark that the above theorem does not admit an evident positive characteristic analogue outside the lci
setting: derived de Rham cohomology (completed or not) of a singular algebraic variety in characteristic p is often non-
zero in arbitrarily negative cohomological degrees (see [Bha, Example 3.21]), while classical cohomology theories live
only in non-negative degrees. However, the corollary above does have a meaningful extension (see Remark 4.24).
A sketch of the proof of the theorem. Since both derived de Rham cohomology and algebraic de Rham cohomology
are well-behaved (and isomorphic) for smooth morphisms, the key case is that of closed immersions. The local
statement is: if I ⊂ A is an ideal in a noetherian Q-algebra A, then the I-adic completion Â coincides with the
(Hodge-completed) derived de Rham cohomology d̂R(A/I)/A of A→ A/I . When I is cut out by a regular sequence,
this is essentially immediate: the Hodge-truncations of d̂R(A/I)/A are naturally identified with the I-adic truncations
of A lifting the canonical isomorphism L(A/I)/A[−1] ≃ I/I2. However, if I is not regular, then these two filtrations
have vastly different graded pieces (as the cotangent complex is often left-unbounded), so we must look elsewhere
for a comparison. We solve this problem by introducing a third player: the Adams completion CompA(A, I) of
A along I . The construction of CompA(A, I) is borrowed from the Adams resolution in algebraic topology and is
due to G. Carlsson. Using a convergence theorem of Quillen, we endow CompA(A, I) with a complete filtration
whose truncations coincide with the Hodge-truncations of d̂R(A/I)/A; taking limits then yields a filtered isomorphism
CompA(A, I) ≃ d̂R(A/I)/A. On the other hand, a theorem of Carlsson also identifies CompA(A, I) with the classical
I-adic completion Â (ignoring filtrations) for noetherian rings, thereby proving the claim.
Organisation of this note. Homological conventions (especially surrounding homotopy-limits) are discussed in the
next paragraph. In §2, we formulate and prove a descent statement for the cotangent complex. The aforementioned
Adams completion operation is studied in §3. The main comparison theorems are proven in §4, and the resulting web
of filtrations (together with their relation to algebraic cycles) is discussed in §5.
Notation and conventions. For each n ∈ Z≥0, let [n] denote the poset {0 < 1 < · · · < n}, and let ∆ be the
simplex category. For any category C, we use sC and cC to denote the categories of simplicial and cosimplicial objects
respectively; for both cosimplicial and simplicial objects A over C, we write An := A([n]) unless otherwise specified.
If C has a final object, we use C∗ to denote the category of pointed objects in C, i.e., the category of maps ∗ → X in
C with ∗ a fixed final object; if the initial and final objects in C coincide, then C∗ ≃ C, and C is called pointed. For a
pointed category C, a map f : X → Y of objects in cC is called null-homotopic if it is homotopic to the constant map
(defined via the final object); an object X ∈ cC is said to be homotopy-equivalent to 0 if idX is null-homotopic.
We use model categories to discuss homotopy-limits. Given a (nice) model category C and a small indexing cat-
egory I , we write R limI : Fun(I,C) → C for the homotopy-limit functor, which is a right Quillen adjoint to the
“constant” functor C → Fun(I,C) for the injective model structure on the latter; alternatively, R limI is the derived
pushforward on C-valued sheaves along the map of sites I → ∗ (with the indiscrete topology). We will implic-
itly use the commutativity of homotopy-limits with other homotopy-limits, i.e., the identification of the composites
Fun(I × J,C)
R limJ→ Fun(I,C)
R limI→ C and Fun(I × J,C) R limI→ Fun(J,C) R limJ→ C for small indexing categories
I and J . The relevant examples are: I = Nop (see below), J = ∆, and C = Ch(A) for some Grothendieck abelian
category A (via the “Spaltenstein” model structure, see [Lur11b, Proposition 1.3.5.3]). We follow the convention
Tot := R lim∆; note that if K is a cosimplicial abelian group, then Tot(K) is equivalent to the chain complex
underlyingK via the Dold-Kan correspondence.
Given a category C with finite colimits and an object A ∈ C, we write Cech(A → ·) : CA/ → cCA/ for the “Cech
conerve” functor, i.e., the left adjoint to the forgetful functor ev[0] : cCA/ → CA/. Explicitly, for any map f : A→ B,
one has Cech(A → B)([m]) ≃ ⊔[m]B where the coproduct is computed relative to A. If C is also a model category,
then the functor Cech(A→ ·) is a left Quillen adjoint under the injective model structure, and we abusively write use
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Cech(A→ ·) to denote the left derived functor as well. Explicitly, Cech(A→ B)([m]) is computed as ⊔[m]P where
P is a cofibrant replacement for B in cCA/, and the coproduct is computed relative to A.
We write Nop for the category underlying the poset underlying the non-positive natural numbers under the usual
ordering. Given a diagram K : Nop → C in some category C, we use {Kk} to denote the corresponding object of
Fun(Nop,C), and similarly for objects in D(Fun(Nop,A)) when A is abelian. For a Grothendieck abelian category
A, we informally refer to an object {Kk} ∈ D(Fun(Nop,A)) as the associated system of quotients for an Nop-
indexed complete separated filtration on K̂ := R limKk ∈ D(A); this convention may be formalised by viewing the
auxilliary system {ker(K̂ → Kk)} ∈ D(Fun(Nop,A)) of homotopy kernels as a filtration on K̂ , but we never do
this. A cochain complex K over A defines an object {Kn} ∈ D(Fun(Nop,A)) via Kn := K/σ≥nK , where σ≥n
denotes the stupid truncation of K in cohomological degrees ≥ n; one has K ≃ R limnKn, and we refer to the
resulting filtration on K as the stupid filtration on K .
The category sAlg (resp. csAlg) of simplicial (resp. cosimplicial simplicial) commutative rings plays a key role
in this note. A map in sAlg is called surjective if it is surjective on π0. We implicitly use the following: if A → B
is an equivalence in sAlg and M is a termwise flat simplicial A-module, then M ≃ M ⊗A B. We identify ordinary
rings with the corresponding constant simplicial or cosimplicial rings. For A ∈ sAlg, we write sModA for the
category of simplicial A-modules. For A ∈ csAlg, we write csModA or c(sModA) for the category cosimplicial
simplicial A-modules M , i.e., the data of a simplicial An-module Mn for each n ∈ ∆ together with cosimplicial
structure maps Mn → Mm linear over An → Am for each map [n] → [m] in ∆. There are well-defined interval
objects ∆[1] ∈ c(sModA) (induced by the ones in cModZ by base change), so it makes sense say that an object
K ∈ c(sModA) is homotopy-equivalent to 0. A chain complex K over some abelian category is called connective if
πi(K) = H
−i(K) = 0 for i < 0, and coconnective if πi(K) = H−i(K) = 0 for i > 0.
Acknowledgements. I thank Davesh Maulik for numerous useful conversations, one of which led to the writing of this
note. In addition, I am grateful to Sasha Beilinson, Johan de Jong, Luc Illusie, and Andrew Snowden for enlightening
comments, questions, and encouragement. Thanks are also due to Srikanth Iyengar for making me aware of the origins
of the Greenlees-May completion.
2. SOME COSIMPLICIAL ALGEBRA
Our goal in this section is to prove Corollary 2.7, a slightly more general version of [BdJ, Example 2.16].
Construction 2.1. Let C be a category with finite coproducts. For eachX ∈ C, define∆X(•) := Cech(∅ → X) ∈ cC.
Explicitly, one has
∆X([n]) =
∐
i∈[n]
X
for each [n] ∈ ∆. More canonically, there is a functor Setf → C defined via S 7→
∐
s∈S X , and the cosimplicial
object ∆X(•) is the image of the standard cosimplicial set ∆(•) ∈ cSetf under the induced functor.
Proposition 2.2. Let C be a pointed category closed under finite colimits. For any X ∈ C, the object ∆X(•) ∈ cC is
homotopy-equivalent to 0.
Proof. Consider the functors
Setf
F
→ Setf∗
G
→ C
defined via F (S) = (S
∐
{∗}, ∗), and
G((T, t0)) =
(∐
t∈T
X
)
/X
where X →
∐
t∈T X is the map coming from the base point t0 ∈ T . The object ∆X(•) ∈ cC is obtained by
applying (G ◦ F ) to the usual cosimplicial set ∆(•) ∈ cSetf . Hence, it suffices to check that F (∆(•)) ∈ cSetf∗ is
homotopy-equivalent to 0. For this, recall that ∆(•) = Cech(∅ → {1}) ∈ cSetf , i.e., ∆([n]) = ⊔i∈[n]{1} = [n].
Application of F commutes with formation of conerves (as F is left adjoint to the forgetful functor Setf∗ → Setf ), so
F (∆(•)) = Cech(f) where f : ({∗}, ∗)→ ({1, ∗}, ∗)) is the unique map. Since f has a section in Setf∗ , it is standard
to check that F (∆(•)) is homotopy-equivalent to 0 in cSetf∗ . 
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Construction 2.3. Consider the cosimplicial abelian group ∆Z(•) ∈ cModZ ⊂ c(sModZ) defined via Construction
2.1 applied to C = ModZ. For any cosimplicial simplicial ring A, we define ∆A(•) ∈ c(sModA) via ∆Z(•) ⊗Z A,
where the base change takes place along the natural mapZ→ A. Explicitly,∆A(•) is simply⊕i∈[n]An in cosimplicial
degree n; if each An is an ordinary ring, then ∆A(•) ∈ cModA ⊂ csModA.
Corollary 2.4. Let A be a cosimplicial simplicial ring. Then ∆A(•) is homotopy equivalent to 0 in c(sModA).
Proof. The case A = Z follows from Proposition 2.2, and the general case follows by base change. 
Lemma 2.5. Let A be a cosimplicial simplicial ring. The forgetful functor c(sModA) → sModA0 has a left adjoint
F . For any M ∈ sModA0 , the object F (M) is homotopy-equivalent to 0 in c(sModA).
Proof. The existence of the adjoint follows from the adjoint functor theorem. Explicitly, the formula is
F (M)n =
⊕
i∈Hom([0],[n])
A(i)∗M ≃
⊕
i∈[n]
A(i)∗M,
where A(i) : A0 → An is the cosimplicial structure map defined by i, and the cosimplicial structure of F (M) is the
evident one. An explicit homotopy between the identity map on F (M) and the 0 map can be constructed using the
formulas in [BdJ, Example 2.16]. Alternatively, observe that the formula for F can be rewritten as
F (M)n =
⊕
i∈[n]
A(i)∗M =
⊕
i∈[n]
M ⊗A0 A0 ⊗A0,A(i) An =M ⊗A0
(⊕
i∈[n]
A0 ⊗A0,A(i) An
)
=M ⊗A0 F (A0).
In other words, F (A0) defines a A0-module in the category csModA, and F is the unique colimit preserving functor
prescribed by setting F (A0) as above. Hence, it suffices to check that F (A0) is homotopy-equivalent to 0. However,
F (A0) is easily identified with ∆A(•), so the claim follows from Corollary 2.4. 
The next lemma describes the effect of taking (derived) iterated tensor products on differential forms; it is formu-
lated in terms of derived Cech conerves of maps in sAlg, a notion discussed further in Construction 3.1.
Lemma 2.6. LetA ∈ sAlg, and letP be a simplicial polynomialA-algebra. Let P (∗) = Cech(A→ P ) ∈ c(sAlgA/)
be the Cech conerve. Then ΩkP (∗)/A ∈ c(sModP (∗)) is homotopy-equivalent to 0 for k > 0.
Proof. It suffices to show the k = 1 case as homotopy-equivalences are preserved under the termwise application of
the exterior power functor. The Kunneth formula gives Ω1P (∗)/A ≃ F (Ω
1
P/A) where F : sModP → c(sModP (∗)) is
the left adjoint to the restriction c(sModP (∗))→ sModP , so the claim follows from Lemma 2.5. 
The following observation is the main result of this section.
Corollary 2.7. Fix a map A→ B in sAlg. Then
Tot(∧kLCech(A→B)/A) ≃ 0 and Tot(∧
kLB/Cech(A→B)) ≃ ∧
kLB/A.
Proof. Choose a simplicial polynomial A-algebra resolution P → B with Cech conerve P (∗) ∈ c(sAlgA/), and let
I ⊂ P (∗) is the cosimplicial simplicial ideal defining the augmentation P (∗) → P . Then we have the following
explicit models:
∧kLCech(A→B)/A = Ω
k
P (∗)/A ∈ c(sModP (∗)) and ∧
k LB/Cech(A→B) = ∧
k(I/I2[1]) ∈ c(sModP ).
The first claim then follows from Lemma 2.6. The same lemma also implies thatΩ1P (∗)/A⊗P (∗)P and its wedge powers
are homotopy-equivalent to 0 in c(sModP ). The second claim now follows by considering ∧k of the (cosimplicial)
transitivity triangle
Ω1P (∗)/A ⊗P (∗) P → Ω
1
P/A → I/I
2[1]
of simplicial P -modules. 
Remark 2.8. Corollary 2.7 yields the following (derived) descent statement: for a fixed base ring k, the functor L−/k
is a sheaf for the flat topology on Algk/. In fact, Corollary 2.7 shows that
Tot(LA/k ⊗A Cech(A→ B)) ≃ Tot(LCech(A→B)/k)
for any map f : A → B. If f is faithfully flat, then flat descent [Gro95] identifies the left hand side with LA/k,
which proves the descent assertion above. Indeed, if M is a discrete A-module (such as πi(LA/k)), then Tot(M ⊗A
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Cech(A → B)) ≃ M by Grothendieck’s argument for flat descent of modules; the claim follows from this one by
considering the Postnikov filtration on the cosimplicial complex LA/k ⊗A Cech(A → B). In a sequel, we will use
this observation to define and study the derived de Rham cohomology of an Artin stack (in any characteristic).
3. THE ADAMS COMPLETION
3.1. Generalities. Our goal in this section is to introduce a variant of the usual I-adic completion operation on
commutative rings A with ideals I . More precisely, we study the following construction of derived Cech conerves
(whose name is inspired by the Adams resolution in algebraic topology):
Construction 3.1. Let f : A → B be a map in sAlg. Then we use Cech(A → B) ∈ csAlg to denote a (derived)
Cech conerve of f ; this is computed by the usual Cech conerve of the map A → P for any simplicial polynomial
A-algebra resolution P → B, and is independent up to homotopy of this choice. For any M ∈ Ch(A), we define the
Adams completion of M along f as
CompA(M, f) = Tot(M ⊗A Cech(A→ B)) ∈ Ch(A).
If M = C for some C ∈ sAlgA/, then CompA(C, f) ≃ CompA(C, f ⊗A idC) is naturally an E∞-algebra. If f is a
quotient map of ordinary rings with kernel I ⊂ A, then we also write CompA(M, I) for CompA(M,A→ A/I).
Remark 3.2. In Construction 3.1, we may use any simplicial flatA-algebra resolutionP → B to computeCompA(M, f).
Moreover, to get a completely functorial construction, one may use the canonical resolution.
Remark 3.3. Assume f is surjective in the setup of Construction 3.1. By [Car08, Corollary 6.7], for any M ∈
sModA ⊂ Ch(A), the totalisation of M ⊗A Cech(A → B) ∈ csModA computed either in sModA or in Ch(A) is
the same. In particular, CompA(A, f) is naturally an object of sAlgA/.
Example 3.4. Say f : A → B is a map in sAlg with a section. Then CompA(M, f) ≃ M for any M ∈ Ch(A). In
fact, the section gives a homotopy-equivalencesA ≃ Cech(A→ B) and M ≃M ⊗A Cech(A→ B) in cCh(A).
Example 3.5. Say f : A→ B is a faithfully flat map in Alg ⊂ sAlg. ThenCompA(M, f) ≃M for anyM ∈ Ch(A).
Indeed, this is Grothendieck’s argument [Gro95] for flat descent: this follows from Example 3.4 when f has a section,
and the general case is reduced to this one by base changing along the faithfully flat map A→ B.
Example 3.6. Let f : A → B be a (derived) epimorphism in sAlg, i.e., assume that multiplication induces an
equivalence B ⊗A B ≃ B; examples include localisations as well as some large quotients, such as C[Q≥0] → C or
Zp → Fp. Then Cech(A→ B) ≃ B, and hence CompA(M, f) ≃M ⊗A B for any M ∈ sModA.
3.2. Identifying the Adams completion of a noetherian ring. Following Carlsson, we will show that the Adams
completion of a quotient map A→ A/I coincides with the I-adic completion of A when A is noetherian.
Definition 3.7. Fix a Grothendieck abelian categoryA. An object {Mn} ∈ Fun(Nop,A) is strict-essentially 0 if there
exists an integer k > 0 such that the maps Mn →Mm are 0 for all n−m ≥ k. An object {Kn} ∈ D(Fun(Nop,A))
is strict-essentially 0 if the system {Hi(Kn)} ∈ Fun(Nop,A) is strict-essentially 0 for each i.
Remark 3.8. Fix a Grothendieck abelian category A. If {Kn} ∈ D(Fun(Nop,A)) is strict-essentially 0, then
R limnKn ≃ 0. In fact, the full subcategory of D(Fun(Nop,A)) spanned by strict-essentially 0 objects is a thick tri-
angulated subcategory, and the R limn-functor factors through the quotient category (often called the derived category
of pro-systems in A).
Example 3.9. Let N ⊂ M be an inclusion of finitely generated modules over a noetherian ring R, and let I ⊂ R be
an ideal. Consider the map f : {N/InN} → {N/(InM ∩ N)} in Fun(Nop,ModR). Then f is surjective, and the
kernel {(InM ∩N)/InN} is strict-essentially 0 by the classical Artin-Rees lemma.
We show that strict-essentially 0 systems form an ideal:
Lemma 3.10. Let A be a ring. Let {Kn} ∈ D≤0(Fun(Nop,ModA)) be a strict-essentially 0 system, and let {Mn} ∈
D≤0(Fun(Nop,ModA)) be another system. Then {Kn ⊗A Mn} is strict-essentially 0, and
R lim
n
(Kn ⊗A Mn) ≃ 0.
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Proof. The Milnor sequence takes the shape
1→ lim
n
H−i(Kn ⊗A Mn)→ H
−i(R lim
n
(Kn ⊗A Mn))→
1
lim
n
H−i−1(Kn ⊗A Mn)→ 1.
Since both lim and lim1 vanish for a strict-essentially 0 system of A-modules, it suffices to show that {H−i(Kn ⊗A
Mn)} is a strict-essentially 0 system ofA-modules for each i ≥ 0. This follows immediately from the Kunneth spectral
sequence which gives a (functorial in n) finite filtration on H−i(Kn⊗AMn) whose graded pieces are subquotients of
TorAj (H
−k(Kn),Mn) for j + k = i with 0 ≤ j, k ≤ i. 
The following lemma plays a key role in relating derived and underived constructions later in this paper:
Lemma 3.11 (Quillen). Let I ⊂ A be an ideal in a noetherian ring A, and let M be a finitely generated A-module.
Then the cone of the map {M ⊗A A/In} → {M/InM} of objects in D(Fun(Nop,ModA)) is strict-essentially 0.
Proof. It suffices to check that {TorAi (M,A/In)} is strict-essentially 0 for i > 0. By dimension shifting, it suffices
to verify the claim for i = 1. Choose a presentation
1→ R→ F →M → 1
with F a finite free A-module, and R the kernel. Then
TorA1 (M,A/I
n) ≃ ker(R/InR→ F/InF ) ≃ (InF ∩R)/InR,
so the claim follows from Example 3.9. 
Corollary 3.12. Let I ⊂ A be an ideal in a noetherian ring, and let M be a finitely generated A-module. For any
object {Kn} ∈ D≤0(Fun(Nop,ModA)), the natural map induces an equivalence
φ : R lim
n
(M ⊗A A/I
n ⊗A Kn) ≃ R lim
n
(M/InM ⊗A Kn).
In particular, R limn(M ⊗A A/In) ≃ M̂ := limnM/InM .
Proof. Consider the composite functor F : D(Fun(Nop,ModA))→ D(Fun(Nop,ModA))→ D(ModA) where the
first one is {−⊗AKn}, and the second one is R lim. Then F is an exact functor, and the map φ is simply F applied to
the natural map {M ⊗A A/In} → {M/InM} in D(Fun(Nop,ModA)). The claim now follows from Lemma 3.11
and Lemma 3.10. 
Remark 3.13. The object {M ⊗A A/In} referred to in Lemma 3.11 and Corollary 3.12 is formally defined as
{K ⊗A A/In} ∈ D(Fun(Nop,ModA)) for some A-flat resolution K of M , and is independent of the choice of K .
Lemma 3.14. Let f : A→ B be a ring map, and letM be aB-module viewed as anA-module via f . Then the natural
mapM →M⊗ACech(f) is a homotopy-equivalence of cosimplicialA-modules. In particular,M ≃ CompA(M, f).
Proof. The B-action on M defines the desired homotopy. 
Proposition 3.15 ([Car08, Theorem 4.4]). Let I ⊂ A be an ideal in a noetherian ring A, and let M be a finitely
generated A-module. Then there is a natural isomorphism M̂ ≃ CompA(M, I).
Proof. Let F : D(ModA)→ D(ModA) be the exact functorM 7→ Tot(M ⊗ACech(f)). There is an evident natural
transformation η : id → F , i.e., a functorial map ηM : M → F (M). We first claim that ηM is an equivalence when
M is an A/In-module for any integer n ≥ 1. As both id and F are exact functors, devissage reduces the claim to the
case n = 1, where it follows from Lemma 3.14. Hence, for any finitely generatedA-moduleM , we have equivalences
ηM/InM :M/I
nM ≃ Tot(M/InM ⊗A Cech(f)).
Taking a limit over n ∈ Nop and commuting R lim with Tot then gives an equivalence
η̂ : M̂ := R lim
n
M/InM ≃ Tot(R lim
n
(M/InM ⊗A Cech(f))).
There is a natural map Tot(M ⊗A Cech(f)) → Tot(R limn(M/InM ⊗A Cech(f))), so it suffices to check that
M ⊗A Cech(f) and R limn(M/InM ⊗A Cech(f)) are equivalent in D(Fun(∆,ModA)) under the natural map
φ :M ⊗A Cech(f)→ R lim
n
(M/InM ⊗A Cech(f)).
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The term in cosimplicial level [m] ∈ ∆ in the source of φ is M ⊗A (A/I)⊗(m+1). The corresponding term on the
target of φ is R limn(M/InM ⊗A (A/I)⊗(m+1)). Using Corollary 3.12 three times, we can rewrite this as
R lim
n
(M/InM ⊗A (A/I)
⊗(m+1)) = R lim
n
(M ⊗A A/I
n ⊗A (A/I)
⊗(m+1))
= R lim
n
(M ⊗A A/I
n ⊗A A/I ⊗A (A/I)
⊗m)
= R lim
n
(M ⊗A (A/I)/I
n ⊗A (A/I)
⊗m)
= R lim
n
(M ⊗A (A/I)
⊗(m+1))
= M ⊗A (A/I)
⊗(m+1),
which is exactly the source of φ, proving that φ is an equivalence. 
Remark 3.16. If A is any ring and I = (f1, . . . , fr) is a finitely generated ideal, then, using the Postnikov filtration
on a cosimplicial chain complex, one can show that CompA(A, I) coincides with the Greenlees-May [GM92] derived
I-adic completion (which is also studied by Lurie in [Lur11a, §4] for E∞-rings).
4. DERIVED DE RHAM COHOMOLOGY AND THE ADAMS COMPLETION
Our goal in this section is to introduce the Hodge-completed version of Illusie’s derived de Rham complex, and
compare with the complex defined by Hartshorne using the Adams completion from §3.
4.1. Statement of the main theorem. We first recall the definition of Illusie’s derived de Rham cohomology, com-
pleted for the Hodge filtration.
Construction 4.1. Let A → B be a map in sAlg, and let P → B be a polynomial A-algebra resolution of B.
Then we define the Hodge-completed derived de Rham complex d̂RB/A of A → B as the completion of |Ω∗P/A| for
its Hodge filtration, i.e., d̂RB/A is the limit over Nop of the diagram {d̂RB/A/FilkH} ∈ Fun(Nop,Ch(A)) where
d̂RB/A/Fil
k
H ∈ Ch(A) is the totalisation of the simplicial cochain complex [n] 7→ σ≤kΩ∗P/A (where σ≤k refers
to the stupid truncation in cohomological degrees ≤ k). This construction is independent of the choice of P (up to
homotopy), and has graded pieces computed by
grkH(d̂RB/A) ≃ ∧
kLB/A[−k].
The above discussion also applies to any map of simplicial commutative rings in a topos. For a map f : X → Y of
schemes, we write d̂RX/Y for d̂ROX/f−1OY .
Remark 4.2. A more explicit description of Construction 4.1 is: the complex d̂RB/A is the completion of the second
quadrant bicomplexΩ∗P/A (where ∗ denotes the vertical variable) for the filtration defined by the rows. The homotopy-
limit definition is more convenient if one wants to see the E∞-algebra structure and also work with diagrams of rings.
Remark 4.3. The associations (A → B) 7→ d̂RB/A/FilnH and (A → B) 7→ d̂RB/A from Construction 4.1 can be
made strictly functorial by using the canonical free A-algebra resolution P → B. In particular, given a diagram F :
I → sAlgA/ indexed by a small category I , there are induced diagrams d̂RF/A, d̂RF/A/FilnH : I → Ch(A) defined
by i 7→ d̂RF (i)/A and i 7→ d̂RF (i)/A/FilnH (functorial in F ), and an identification d̂RF/A ≃ R limn d̂RF/A/FilnH
in Fun(I,Ch(A)); a morphism F → G of diagrams lets us define d̂RG/F in the obvious way. Given such an F ,
taking limits over I and commuting limits with limits gives us complexes R limI d̂RF/A/FilnH and R limI d̂RF/A ≃
R limnR limI d̂RF/A/Fil
n
H in Ch(A); these objects will be used in the sequel for I = ∆.
We discuss a few examples of the derived de Rham complex:
Example 4.4. If A→ B is a smooth morphism, then LB/A ≃ Ω1B/A, so d̂RB/A is the usual de Rham complex.
Example 4.5. Let A be a Q-algebra, and let B = A/(f) where f ∈ A is a regular element. Then the transitivity
triangle degenerates to give an isomorphism LB/A ≃ (f)/(f2)[1]. In particular, d̂RB/A/Fil2H is an extension of B
by LB/A[−1] ≃ (f)/(f2). One can check that the natural map A → d̂RB/A induces an equivalence A/(f2) ≃
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d̂RB/A/Fil
2
H (either via explicit simplicial resolutions, or by observing that the complex d̂RB/A/Fil2H :=
(
B →
LB/A
)
is the universal square zero extension of B relative to A). In fact, one can show that the map A → d̂RB/A
induces equivalences A/(fn) ≃ d̂RB/A/FilnH , and hence a limiting equivalence Â ≃ d̂RB/A. By Kunneth, one has
A/In ≃ d̂RB/A/Fil
n
H for B = A/I with I ⊂ A any regular ideal.
Example 4.6. Let k be a field, and let A be a finite type k-algebra which is not lci; for example, we may take
A = k[x, y]/(x2, xy, y2). ThenLA/k is a left-unbounded complex by [Avr99], so d̂RA/k/Fil2H is also left-unbounded.
In contrast, Theorem 4.10 shows that d̂RA/k ≃ k when k has characteristic 0.
Next, we introduce Hartshorne’s algebraic de Rham complex in the affine setting:
Construction 4.7. Let f : A→ B be a finite type map of noetherian Q-algebras, and fix a presentation F → B with
F a finite type polynomial A-algebra. Then we define the algebraic de Rham complex ΩHB/A ∈ D(ModA) via
ΩHB/A := Ω
∗
F/A ⊗F F̂ ,
where F̂ denotes the completion of F along the I = ker(F → A); this complex is independent of choice of F . The
construction endows ΩHB/A with two filtrations: the filtration defined by the Hodge filtration on Ω∗F/A is called the
formal Hodge filtration (and depends on F ), while the one obtained by tensoring the I-adic filtration on F̂ with the
Hodge filtration on Ω∗F/A is called the infinitesimal Hodge filtration (and is independent of F ). The latter filtration is
denoted by Fil∗inf (on both ΩHB/A and its cohomology), and is explicitly defined by
ΩHB/A/Fil
p
inf :=
(
F/Ip → F/Ip−1 ⊗F Ω
1
F/A → F/I
p−2 ⊗F Ω
2
F/A → . . .
)
with the convention that Ik = F for k ≤ 0.
Remark 4.8. Let X = Spec(B), Y = Spec(A), and f : X → Y be the map from Construction 4.7. The complex
ΩHB/A is more conceptually the (derived) pushforward of the structure sheaf along u : Shv((X/Y )inf)→ Shv(XZar)
defined by (u−1F)(U →֒ T ) = F(U); the infinitesimal Hodge filtration on ΩHB/A corresponds to the filtration by
powers of the defining ideal on the infinitesimal site (see [BdJ, Remark 3.7] for an explanation). This description
immediately shows that ΩHB/A is independent of F , and also extends naturally to the global setting discussed in §4.4.
Example 4.9. Let A be a finite type C-algebra. Then a theorem of Hartshorne shows that ΩHA/C computes the Betti
cohomology of Spec(A)an. For example, if A = C[x, y]/(y2 − x3), then we may take F = C[x, y], so
ΩHA/C ≃
(
F̂ → F̂ dx⊕ F̂ dy → F̂ (dx ∧ dy)
)
where F̂ is the completion of F along (y2 − x3). Then Spec(A)an is contractible, so RΓ(Spec(A)an,C) ≃ C[0]. It
is a pleasant exercise to check that ΩHA/C is also equivalent to C[0]; see also §4.5.
The (affine version of our) main theorem is:
Theorem 4.10. Let A→ B be a finite type map of noetherian Q-algebras. There is a filtered A-algebra
d̂RB/A → Ω
H
B/A
which is an equivalence of the underlying algebras.
We first prove a variant of Theorem 4.10 for certain maps of simplicial commutative rings using a convergence
theorem of Quillen in §4.2. In §4.3, we prove the theorem in general, and use it to give an elementary description of
ΩHB/A promised in §1. This elementary description is reproven directly in §4.5 in the case of graded rings.
4.2. Quillen’s convergence theorem: a review. We first recall Quillen’s original theorem (see [Qui70, Theorem
8.8]), and then give a reformultion closer to derived de Rham theory.
Proposition 4.11 (Quillen). Let A ∈ sAlg, and let I ⊂ A be a simplicial ideal with π0(I) = 0. Assume that In ⊂ An
is a regular ideal. ThenA is I-adically complete, i.e., the natural mapA ≃ R limnA/In is an equivalence in sAlgA/.
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Proof. All ideals, modules and constructions that occur below are simplicialA-modules unless otherwise specified. By
the convergence of the Postnikov filtration, it suffices to show that In+1 is n-connected, which we show by induction
on n. Tensoring
1→ I → A→ A/I → 1
with In and peeling of a suitable chunk gives an exact triangle(
τ≥1A/I ⊗A I
n
)
[−1]→ I ⊗A I
n → In+1
of simplicial A-modules. Note that I is connected, and In is (n − 1)-connected by induction. The Kunneth spectral
sequence shows that I ⊗A In is n-connected. Hence, it suffices to show that
(
τ≥1A/I ⊗A In
)
[−1] is n-connected.
This complex admits a complete decreasing separated exhaustive filtration2 with graded pieces given by the simplicial
A/I-complex TorAi (A/I, In)[i − 1] for i ≥ 1 , so it suffices to show n-connectivity for each of these complexes. By
dimension shifting, we have
TorAi+1(A/I,A/I
n)[i− 1] ≃ TorAi (A/I, I
n)[i− 1],
so it suffices to show the n-connectivity of TorAj (A/I,A/In)[j − 2] for j ≥ 2. The regularity of the ideal I gives a
Koszul calculation of Tor∗A(A/I,A/In) in each simplicial degree, and taking a homotopy colimit over ∆op gives an
exact sequence of simplicial A/I-modules
1→ ∧j+n(I/I2)→ · · · → ∧j+1(I/I2)⊗A/ISym
n−1(I/I2)→ ∧j(I/I2)⊗A/ISym
n(I/I2)→ TorAj (A/I,A/I
n)→ 1.
Since I is connected with I/I2 termwise flat overA/I , the simplicialA/I-module∧a(I/I2)⊗A/ISymb(I/I2) is (a+
b−2)-connected for any a, b ≥ 0. Hence, the preceding exact sequence together with the preservation of k-connectivity
under homotopy-colimits shows that TorAj (A/I, In) is (n + j − 2)-connected. Hence, TorAj (A/I,A/In)[j − 2] is
n-connected for j ≥ 2, as wanted. 
Remark 4.12. If I ⊂ A is an ideal in a simplicial commutative ring A, then the inverse system {π0(A/In)} has
surjective transition maps, and hence is acyclic for lim. As the functor of Nop-indexed limits has cohomological
dimension 1, it follows that the limit of {A/In} in sAlgA/ and D(ModA) is the same. In particular, the limit
appearing in Proposition 4.11 can be also be computed in D(ModA).
Remark 4.13. Let I ⊂ A be as in Proposition 4.11. Then the I-adic filtration Fil∗H on A is a decreasing complete
separated exhaustive filtration by Proposition 4.11. We can also identify the graded pieces as follows: by regularity of
I , there is an equivalence equivalence
grkH(A) ≃ I
k/Ik+1 ≃ Symk(I/I2)
of simplicial A/I-modules. If Q ⊂ A, then we can identify Γk with Symk to write
grkH(A) ≃ Γ
k(I/I2).
Using regularity of I (and the transitivity triangle), there is an identification I/I2[1] ≃ L(A/I)/A, so we obtain
grkH(A) ≃ ∧
kL(A/I)/A[−k].
Since the cotangent complex and its wedge powers are intrinsic to the map A → A/I in sAlgQ/, one can then show
that the filtration Fil∗H on A is intrinsic to the map A → A/I in Ho(sAlgQ/). Going one step further, under the
assumption Q ⊂ A, one can identify An/Ikn ≃ d̂R(An/In)/An/Fil
k
H for each n using the regularity of In ⊂ An (see
Example 4.5). Taking a colimit over ∆op gives an identification {A/FilkH} ≃ {d̂R(A/I)/A/FilkH} of Nop-indexed
diagrams. Hence, there is a limiting equivalence A ≃ d̂R(A/I)/A for all simplicial Q-algebras A equipped with a
termwise regular ideal I ⊂ A satisfying π0(I) = 0.
We can now give the promised reformulation of Quillen’s theorem; in essence, the last statement of Remark 4.13
is true without the regularity assumption. This result can be viewed as a version of Theorem 4.10 for maps between
simplicial Q-algebras with a connected kernel.
2This is simply a way of expressing some qualitative features of one of the spectral sequences for a bisimplicial abelian group.
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Corollary 4.14. Let A ∈ sAlgQ/, and let I ⊂ A be an ideal with π0(I) = 0. Then A admits a functorial complete
separated Nop-indexed filtration FilkH whose associated Nop-indexed system of quotients is identified as
{A/FilkH} ≃ {d̂R(A/I)/A/Fil
k
H}.
In particular, one has A ≃ d̂R(A/I)/A.
Proof. Using [Qui67, §II.4, Theorem 4], one can define a simplicial model category structure on the simplicial cate-
gory of pairs (A, I) comprisingA ∈ sAlg together with simplicial ideals I ⊂ A as follows: a map (A, I)→ (B, J) is
a (trivial) fibration if and only if A → B and I → J are so as maps of simplicial sets. The cofibrant objects are pairs
(F, J) with each Fn a polynomial algebra on a set Xn of generators, and each Jn ⊂ Fn an ideal defined by a subset
Yn ⊂ Xn of the polynomial generators such that both Xn and Yn are preserved by the degeneracies (and a similar
relative version). In particular, for each cofibrant object (F, J), the ideal J is (termwise) regular. The desired claim
now follows from the arguments of Proposition 4.11 and Remark 4.13 by passage to cofibrant replacements. 
Remark 4.15. The proof of Corollary 4.14 shows that the Hodge filtration FilkH on A is finer than the I-adic filtra-
tion, i.e., there is a map {A/FilkH} → {A/Ik} of Nop-indexed systems inducing an equivalence on R lim, but not
necessarily on grkH .
4.3. The main theorem. The goal of this section is to prove Theorem 4.10 and record some corollaries. We begin
with the case of surjective maps of rings, which is the heart of Theorem 4.10. In fact, we prove a more general result
for surjective maps in sAlg, i.e., maps in sAlg which are surjective on π0.
Proposition 4.16. Let f : A→ B be a surjective map in sAlgQ/. Then CompA(A, f) ∈ Ch(A) admits a canonical
Nop-indexed separated complete filtration Fil•H whose associated Nop-indexed system of quotients is identified as
{CompA(A, f)/Fil
k
H} ≃ {d̂RB/A/Fil
k
H}.
In particular, one has CompA(A, f) ≃ d̂RB/A.
Proof. We may assume B is A-cofibrant, i.e., B is a simplicial polynomial A-algebra. By definition, one has
Bm := Cech(A → B)([m]) ≃ B⊗A[m] with the augmentation Cech(A → B) → B corresponding to the mul-
tiplication map. Since A → B is surjective, one has π0(Bm) ≃ π0(B). Hence, by Corollary 4.14, there is a
functorial complete separated Nop-indexed filtration Fil∗H on Bm with an identification of Nop-indexed systems
{Bm/Fil
k
H} ≃ {d̂RB/Bm/Fil
k
H}. By functoriality, these filtrations fit together to define a functorial complete sepa-
rated Nop-indexed filtration Fil∗H on Cech(A → B) together with identifications of Nop-indexed systems of cosim-
plicial Cech(A→ B)-complexes
{Cech(A→ B)/FilkH} ≃ {d̂RB/Cech(A→B)/Fil
k
H}.
As limits commutes with limits, there is an induced functorial complete separated Nop-indexed filtration Fil∗H on
CompA(A, f) with an identification Nop-indexed systems
{CompA(A, f)/Fil
k
H} ≃ {Tot(d̂RB/Cech(A→B)/Fil
k
H)}.
On the other hand, functoriality induces a natural map of Nop-indexed systems
ǫ : {d̂RB/A/Fil
k
H} → {Tot(d̂RB/Cech(A→B)/Fil
k
H)},
so it suffices to check that ǫ is an equivalence. Passing to graded pieces, it suffices to check that the natural map
grk(ǫ) : ∧kLB/A[−k]→ Tot(∧
kLB/Cech(A→B)[−k]),
which is proven in Corollary 2.7. 
Proposition 4.16 shows the “topological invariance” of the d̂R−/k functor:
Example 4.17. Fix a Q-algebra k, and let f : k → A be a connected simplicial k-algebra, i.e., k ≃ π0(A). For
example, we can take A = Symk(K) for any complex K ∈ D<0(Modk). Then f is surjective, so Proposition 4.16
implies CompA(k, f) ≃ d̂RA/k. On the other hand, since f has a section (via the truncation map A→ π0(A) ≃ k),
Example 3.4 shows k ≃ CompA(k, f). In particular, k ≃ d̂RA/k.
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Example 4.18. Let f : A → B be a surjective map of noetherian Q-algebras with nilpotent kernel. Then Propo-
sition 4.16 shows that CompA(A, f) ≃ d̂RB/A. On the other hand, since A is noetherian, Proposition 3.15 shows
CompA(A, f) ≃ A, so A ≃ d̂RB/A.
We can now prove Theorem 4.10 by bootstrapping from Proposition 4.16.
Proof of Theorem 4.10. Choose a finite type polynomial A-algebra F and an A-algebra surjection F → B. Then
ΩHB/A ≃ Ω
∗
F/A ⊗F F̂ . It is well-known (see [BdJ], for example) that
ΩHB/A ≃ Tot(F̂
//
//
̂F ⊗A F
//
//
//
̂F ⊗A F ⊗A F
//
//
//
//
· · ·)
where the completion takes place along the composition F⊗A[n] → F → B. By Proposition 3.15, we can write
ΩHB/A ≃ Tot(CompA(Cech(A→ F )→ B)).
As the maps F⊗A[n] → B are surjective, Proposition 4.16 gives
ΩHB/A ≃ Tot(d̂RB/Cech(A→F )).
This formula equips ΩHB/A with a complete separated Nop-indexed filtration Fil
∗
H′ whose associated Nop-indexed
system of quotients is given by
{ΩHB/A/Fil
k
H′} ≃ {Tot(d̂RB/Cech(A→F )/Fil
k
H)}.
Repeating the argument at the end of the proof of Proposition 4.16 then finishes the proof. 
Theorem 4.10 yields the following explicit representative for ΩHB/A which seems to be new:
Corollary 4.19. Let f : A→ B be a finitely presented flat map of noetherian Q-schemes. Then
ΩHB/A ≃ Tot(Ĉech(A→ B)) := Tot
(
B //// B̂ ⊗A B
//
//
//
̂B ⊗A B ⊗A B
//
//
//
//
· · ·
)
.
where the completions take place along the multiplication maps B⊗n → B.
Proof. Let K denote the complex (or E∞-ring) appearing on the right above. Using propositions 3.15 and 4.16 as in
the proof of Theorem 4.10 as well as the flatness of f , the complex K can be rewritten as
K ≃ Tot(d̂RB/Cech(A→B)).
In particular, there exists a functorial complete separated Nop-indexed filtration Fil∗H on K with an identification of
Nop-indexed systems
{K/FilkH} ≃ {Tot(d̂RB/Cech(A→B)/Fil
k
H)}.
The argument at the end of the proof of Proposition 4.16 then identifies the right hand side with {d̂RB/A/FilkH}. The
claim then follows by taking limits and using Theorem 4.10. 
Remark 4.20. The ring Ĉech(A → B) occurring in Corollary 4.19 is the completion of Cech(A → B) along the
augmentation map Cech(A → B) → B. In particular, Ĉech(A → B) admits a natural complete separated Nop-
indexed filtration (by powers of the augmentation ideal). We do not know what the induced filtration on ΩHB/A means.
Remark 4.21. The equivalence ΩHB/A ≃ Tot(Ĉech(A → B)) from Corollary 4.19 is also valid for non-flat maps if
one interprets Ĉech(A → B) to be the Adams completion of the (termwise) surjective map Cech(A → B) → B. In
fact, when stated as such, one need not impose any finiteness conditions on the map A→ B. For example, if A→ B
is itself surjective, then
CompA(Cech(A→ B)→ B) ≃ Cech(A→ B)
as CompA(B
⊗[m] → B) ≃ B⊗[m] by [Car08, Theorem 6.1]; the claim now follows Proposition 4.16
11
Remark 4.22. The completion is absolutely essential in Corollary 4.19. Indeed, when A → B is faithfully flat,
Tot(Cech(A → B)) is simply A by Example 3.5, which is certainly not the value of relative de Rham cohomology
in general. For an explicit example to “see” the effect of completion, consider the case where A→ B is a finite e´tale
cover. Then the cosimplicial ring Cech(A → B) totalises to A as before. On the other hand, the cosimplicial ring
Ĉech(A→ B) is the constant cosimplicial ring with valueB as the completion ofB⊗A[m] → B along the (finite e´tale)
multiplication map is simply B. Hence, Tot(Ĉech(A→ B)) ≃ B; this is the desired answer since Ω∗B/A = B[0].
Example 4.23. Let R be a finite type C-algebra. Then Corollary 4.19 gives the following elementary description of
the Betti cohomology of the associated complex analytic space:
RΓ(Spec(R)an,C) ≃ Tot
(
R //// R̂⊗C R
//
//
//
̂R⊗C R⊗C R
//
//
//
//
· · ·
)
.
When R is smooth, the above description is due to Grothendieck (through the infinitesimal site). At the opposite
extreme, if R is an Artinian local C-algebra, then R⊗n is complete for the filtration defined by any ideal, so C ≃
Tot(Cech(C → R)) ≃ Tot(Ĉech(C → R)), as expected (since Spec(R) is homeorphic to a point); some further
examples are discussed in §4.5. Another corollary of this description is: the complex on the right above is acyclic
outside cohomological degrees in [0, dim(R)] by Artin’s theorem on the cohomological dimension of affine schemes.
Remark 4.24. We do not know a good description for the complex Tot(Ĉech(A→ B)) in characteristic p in general.
However, a variant operation does have meaning: the category of pairs from the proof of Proposition 4.14 supports a
derived pd-completion functor obtained by deriving Berthelot’s (classical) completed pd-envelope. One can then show
that the derived pd-completion of Cech(A→ B) along its augmentation computes d̂RB/A in any characteristic.
4.4. Globalisation. To globalise Theorem 4.10, we need the global version of Construction 4.7:
Construction 4.25. Let f : X → Y be a finite type morphism of noetherian Q-schemes. Assume there exists an
closed immersion i : X →֒ Z with Z smooth over Y . Set
ΩHX/Y = î
−1OZ ⊗i−1OZ i
−1(Ω∗Z/Y ) ∈ D(Modf−1OY ).
Here î−1OZ = limn i−1(OZ/InX) is the completion of i−1OZ along the ideal i−1(IX) defining OX ; this construction
is independent of choice of Z . We obtain the formal and infinitesimal Hodge filtrations as in Construction 4.7; denote
the latter (on ΩHX/Y and its cohomology) by Fil∗inf
Remark 4.26. In the notation of Construction 4.25, as cohomology commutes with (derived) limits, one has
RΓ(X, î−1OZ) ≃ R lim
n
RΓ(X, i−1(OZ/I
n
X)) ≃ R limn
RΓ(Z,OZ/I
n
X).
In particular, if Z (and henceX) is affine, thenRΓ(X, î−1OZ) is simply the formal completion of the ring O(Z) along
the kernel of O(Z)→ O(X). Similar reasoning shows that RΓ(X,ΩHX/Y ) ≃ ΩHO(X)/O(Y ) if X , Y , and Z are affine,
i.e., Construction 4.25 is compatible with Construction 4.7.
Remark 4.26 explains that the Hartshorne’s algebraic de Rham complex for a map of schemes recovers the affine
one discussed in Construction 4.7 when taking sections over affines. Likewise, the Hodge-completed derived de Rham
complex also localises. Since the constructions of §4.3 were functorial in the rings, they make sense for diagrams of
rings, such as a cosimplicial one obtained from an affine open cover. Iterating this observation twice gives:
Corollary 4.27. Let f : X → Y be a finite type map of noetherian Q-schemes. Assume that X can be realised as a
closed subscheme of a smooth Y -scheme. Then there is a natural filtered f−1OY -algebra map
d̂RX/Y → Ω
H
X/Y
that is an equivalence of the underlying algebras.
Remark 4.28. As explained in Remark 4.8, the complexΩHX/Y from Corollary 4.27 may be identified withRu∗(OX/Y,inf)
where u : Shv((X/Y )inf)→ Shv(XZar) is the structure map for infinitesimal site of X relative to Y . Corollary 4.27
can be then reformulated to give an equivalence Ru∗(OX/Y,inf) ≃ d̂RX/Y . This statement makes no reference to the
ambient smooth Y -scheme Z , and is indeed true without the assumption that X admits such an embedding.
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Remark 4.29. The map in Corollary 4.27 is typically not a filtered equivalence. For example, if A → B = A/I
is a surjective map of noetherian Q-algebras, then the map d̂RB/A → ΩHB/A ≃ Â induces on gr1 the derivation
LB/A[−1]→ I/I
2 that classifies the square-zero extension A/I2 → B of B by I/I2, and is an isomorphism only if
I is a regular ideal; the maps on higher graded pieces are computed using multiplicativity.
Corollary 4.30. Let f : X → Y be a finite type flat map of noetherian Q-schemes. Let f (n) : X̂(n)→ Y denote the
formal completion of the (n+ 1)-fold fibre-product of f along the diagonal. Then there is an equivalence
Rf∗(Ω
H
X/Y ) ≃ Tot
(
Rf∗(OX)
//
// Rf
(1)
∗ (OX̂(1))
//
//
//
Rf
(2)
∗ (OX̂(2))
//
//
//
//
· · ·
)
.
Remark 4.31. In Corollary 4.30, if the map f is smooth, then the result is essentially immediate once we know that (as
explained in Remark 4.8) the complex Rf∗(ΩHX/Y ) can be identified with Rf inf∗ (OX/Y,inf) where f inf : (X/Y )inf →
Y is the structure map for infinitesimal site of X relative to Y . Indeed, by the smoothness of f , the trivial thickening
X →֒ X defines an object of (X/Y )inf dominating the final object of Shv((X/Y )inf), and the claim follows by
standard Cech theory. The surprising assertion in Corollary 4.30 is that the same recipe also works for any flat map f ,
even though the object X →֒ X certainly does not cover the final object of Shv((X/Y )inf) in general.
4.5. An explicit example. Let f : A → B be a finite type flat map of noetherian Q-algebras. Let Ĉech(A → B)
be the completion of Cech(A → B) along the augmentation Cech(A → B) → B. Corollary 4.19 shows that
Tot(Ĉech(A → B)) computes the algebraic de Rham cohomology of f . Here we reprove this result “by hand” in
a special case: A = C and B is a homogeneous singularity. The main idea is to prove homotopy-invariance for the
functor R 7→ Tot(Ĉech(C→ R)), and then exploit the contracting A1-action on Spec(B).
We start with a general criterion for acyclicity of certain complexes.
Lemma 4.32. Let A be a ring complete for the topology defined by some ideal I ⊂ A. Let K ∈ Ch≥0(A) be a
cochain complex of flat A-modules with I-adically complete terms. If K/IK is acyclic, so is K .
Proof. The flatness hypothesis and devissage give K/InK ≃ 0 for all n, so it suffices to proveK ≃ R limnK/InK .
As K is a cochain complex, we can write K ≃ R limmK/σ≥mK where σ≥m denotes the stupid truncation in
cohomological degrees ≥ m. Commuting limits, we reduce to the case where K has only finitely many non-zero
terms, where the claim is clear as K has I-adically complete terms. 
Remark 4.33. In Lemma 4.32, we do not know if K/IK agrees with the derived tensor product K ⊗A A/I .
Fix a ring A with an ideal I . For any map f : A→ B, we write ĈechI(A→ B) for the (termwise) completion of
Cech(A→ B) along the composite Cech(A→ B)→ B → B/IB. We have the following:
Lemma 4.34 (Poincare Lemma). Let A be noetherian Q-algebra, and let Â be its completion for the topology defined
by an ideal I ⊂ A. Then Tot(ĈechI(A→ A[t])) ≃ Â.
Proof. Since reduction modulo I commutes with completion, we may assume that A = Â. Let K denote the cochain
complex underlying the augmented cosimplcial A-algebra A→ ĈechI(A→ A[t]). Then K has A-flat and I-adically
complete terms. Moreover, since completion is exact (on finitely generated modules over noetherian rings), one also
has an identification in cAlgA/
ĈechI(A→ A[t])⊗A A/I ≃ Ĉech(A/I → A/I[t]).
The formal Poincare lemma and the characteristic 0 hypothesis then show that the totalisation of the right hand side is
simply A/I via the natural map. It follows that K/IK is acyclic. By Lemma 4.32, K is acyclic too, as desired. 
Using the Poincare lemma, we can show (for a fixed characteristic 0 field C):
Proposition 4.35 (Homotopy invariance). Let R be finite type C-algebra. Then R→ R[t] induces an equivalence
Tot(Ĉech(C → R)) ≃ Tot(Ĉech(C → R[t])).
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Proof. Let A ∈ Fun(∆×∆,AlgC/) be the bicosimplicial ring obtained by taking tensor products of Cech(C → R)
(viewed horizontally) with Cech(C→ C[t]) (viewed vertically), and let B denote the (termwise) completion of A for
its augmentation A→ R⊗C C[t], i.e., we have
B([m],−) = ĈechI(R
⊗[m] → R⊗[m][t]) and B(−, [n]) = ĈechJ(C[t]
⊗[n] → R[t]⊗[n])
where I ⊂ R⊗[m] is the kernel of the augmentation R⊗[m] → R, and J ⊂ C[t]⊗[n] is the kernel of the augmentation
C[t]⊗[n] → C[t]. It is easy to see that the diagonal cosimplicial ring B|∆⊂∆×∆ coincides with Ĉech(C → R[t]). As
the diagonal of a bicosimplicial abelian group computes its homotopy-limit, we get
Tot(Ĉech(C → R[t])) ≃ R lim
∆×∆
B.
On the other hand, computing the vertical totalisations first and using Lemma 4.34 shows that
Ĉech(C→ R) ≃ R lim
∆
B ∈ cAlgC/
where R lim∆ denotes the homotopy-limit functor along the first projection ∆ ×∆→ ∆. The claim now follows by
taking limits over the residual ∆ and comparing with the previous formula. 
Here is the promised example:
Example 4.36. Let R be an N-graded finite type C-algebra with R0 = C. Then Spec(R)an is contractible, so
RΓ(Spec(R)an,C) ≃ C. We will show that Tot(Ĉech(C → R)) ≃ C. The N-grading defines an action of the
multiplicative monoid scheme A1 on Spec(R) by dilations; explicitly, the grading gives a coaction map R→ R[t] via∑
i≥0
ai 7→
∑
i≥0
ait
i
where ai ∈ Ri. In particular, there is a family {ft : Spec(R) → Spec(R)} of endomorphisms of Spec(R)
parametrised by t ∈ C = A1(C) such that f1 = idSpec(R) while f0 comes from the contraction R։ R0 = C →֒ R.
By Proposition 4.35, pulling back along any ft induces the same map on cohomology. The claim now follows by
comparing behaviours at t = 0 and t = 1.
5. THE DERIVED HODGE FILTRATION
For any algebraic variety X over a characteristic 0 field k, Corollary 4.27 gives rise to a spectral sequence
Ep,q1 : H
q(X,∧pLX/k)⇒ H
p+q(X,ΩHX/k)
which induces the derived Hodge filtration Fil∗H on the target. Our goal in this section is to analyse this filtration and
its relation to other better studied filtrations on the same group, such as the Hodge-Deligne filtration or the infinitesimal
filtration. First, we recall the Deligne-Du Bois complex [DB81] and the Hodge-Deligne filtration [Del71]:
Construction 5.1. Let X be a finite type k-scheme. The Deligne-Du Bois complex Ω∗X/k is defined as follows: fix a
proper hypercover f : X• → X with each Xn smooth (possible by Hironaka or de Jong), and set
Ω∗X/k := Tot
(
Rf∗Ω
∗
X•/k
)
in D≥0(Mod(X, k)).
The Hodge-Deligne filtrationFil∗HD onΩ∗X/k refers to the object of the filtered derived categoryD≥0(Fun(Nop,Mod(X, k)))
lifting Ω∗X/k defined by totalising the Hodge filtration on each Ω∗Xn/k. The graded pieces are computed by
grnHDΩ
∗
X/k ≃ Tot
(
Rf∗Ω
n
X•/k
[−n]
)
.
This filtered object is independent of the choice of X•, and may be characterised intrinsically as the h-localisation of
the (filtered) presheaf of de Rham complexes on the site of all X-schemes [Lee09]. If k = C and X is proper, then
the induced filtration on H∗(Xan,C) is simply the Hodge filtration from mixed Hodge theory [Del71]; we call it the
Hodge-Deligne filtration here to distinguish it from the other filtrations.
We now record the relation between certain natural filtrations:
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Proposition 5.2. Let X be a finite type k-scheme. There are natural maps
d̂RX/k
a
→ ΩHX/k
b
→ Ω∗X/k
c
→ Ω∗X/k
of filtered complexes such that a, c ◦ b, and c ◦ b ◦ a induce an equivalence on the underlying complexes. In particular,
the algebraic de Rham cohomology of X is a summand of the cohomology of Ω∗X/k.
Proof. The filtered map a is from Theorem 4.10 and an equivalence of the underlying complexes. The map b comes
from the functoriality of the Kahler differentials and can be easily checked to map the infinitesimal Hodge filtration
on ΩHX/k (see Construction 4.7) to the stupid filtration on Ω∗X/k. The map c also comes from the functoriality of the
Kahler differentials and is obviously filtered. The rest of the assertions are immediate as ΩHX/k (and hence d̂RX/k)
and Ω∗X/k compute Betti cohomology on affines: true by [Har75, Theorem IV.1.1] for the former, and [Gro66] (plus
cohomological descent) for the latter. 
Remark 5.3. If X is a smooth k-scheme, then the maps a, b, and c from Proposition 5.2 are filtered isomorphisms.
Proposition 5.2 yields the following bound on the derived Hodge filtration:
Corollary 5.4. Let X be a finite type k-scheme, let N be the maximal of the embedding dimensions of OX,x over all
points x ∈ X . Then FilpH(H∗(X, d̂RX/k)) = 0 for p > N .
Proof. If p > N , then the assumption on N shows that Filp(Ω∗X/k) = 0 where Fil refers to the stupid filtration.
Hence, the map d̂RX/k → Ω∗X/k from Proposition 5.2 factors as
d̂RX/k
f
→ d̂RX/k/Fil
p
H
g
→ Ω∗X/k.
Proposition 5.2 shows that g ◦ f is a direct summand. In particular, H∗(f) is injective. Since FilpH(H∗(X, d̂RX/k))
is exactly the kernel of H∗(f), the claim follows. 
For a C-varietyX , the existence of Chern classes in derived de Rham cohomology [Ill71, §V] shows that the image
of cp : K0(X) → H2p(Xan,C) lies inside FilpH(H2p(Xan,C)) ∩ H2p(Xan,Q) where Fil
∗
H is the derived Hodge
filtration; here we implicitly use Corollary 4.27 and [Har75, Theorem IV.1.1] to identify derived de Rham cohomology
with Betti cohomology. Proposition 5.2 shows that FiliH ⊂ Filiinf ⊂ FiliHD for all i. By [AK11, Example 4.5], the
induced inclusion
Filpinf(H
2p(Xan,C)) ⊂ FilpHD(H
2p(Xan,C))
can be strict, i.e., the infinitesimal Hodge filtration imposes more constraints on the position of Chern classes than the
Hodge-Deligne filtration. To see if derived geometry does more, we ask:
Question 5.5. Find an example of a proper C-variety X where the inclusion
FilpH(H
2p(Xan,C)) ∩H2p(Xan,Q) ⊂ Filpinf(H
2p(Xan,C)) ∩H2p(Xan,Q)
is strict.
The preceding discussion is motivated by the Hodge conjecture which predicts that, on a smooth proper C-variety,
Q-cohomology classes of degree 2p that lie in the pth-piece of the Hodge-Deligne filtration come from algebraic
cycles. The same statement for singular varieties is false: Bloch gave a counterexample in [Jan90, Appendix A] using
Mumford’s work [Mum68] on 0-cycles on surfaces. In view of Proposition 5.2 and Chern classes in derived de Rham
cohomology, a slightly less naive formulation3 of the Hodge conjecture for singular varieties is obtained by replacing
the Hodge-Deligne filtration with the derived Hodge filtration. Unfortunately, this formulation is also wrong: we show
below that Bloch’s example also works in this setting. We do not know any counterexamples defined over Q.
Example 5.6. Let S0 ⊂ P3C be a smooth degree d ≥ 4 surface that is defined over Q. Let p ∈ S0(C) be a point that
is generic over Q. Set S = Blp(S0), P = Blp(P3), and let X be obtained by glueing P with itself transversally along
S. Then we will show:
(1) Fil2H(H4(Xan,C)) = H4(Xan,C)
3The book [Jan90] does formulate a generalised Hodge conjecture for arbitrary varieties with no known counterexamples. However, this
conjecture is formulated in terms of homology and is equivalent to the generalised Hodge conjecture for smooth projective varieties. In particular,
to the best of our knowledge, it does not describe the algebraic classes in H2p(Xan,C) for a singular proper variety X .
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(2) c2 : K0(X)⊗Q→ Fil2H(H4(Xan,C)) ∩H4(Xan,Q) is not surjective.
Granting (1), the target of the map c2 above is simply H4(Xan,Q), so (2) follows from Bloch’s observation that
dim(c2(K
0(X) ⊗Q)) = 2 (via the genericity of p, see [Jan90, Appendix A]), while dim(H4(Xan,Q)) = 3 (via a
Mayer-Vietoris sequence). To show (1), we must show that the map
H4(X, d̂RX/C)→ H
4(X,OX
d
→ LX/C)
is 0. The Mayer-Vietoris sequence shows H4(X,OX) = 0, so it suffices to check that H3(X,LX/C) = 0. Let
i1, i2 : P → X be the two given inclusions, and let i : S → X be the composite of either i1 or i2 with the inclusion
S ⊂ P. Then LX/C ≃ Ω1X/C as X is lci and reduced. To show H3(X,Ω1X/C) = 0, note that there is a sequence
Ω1X/C
a
→ i1,∗Ω
1
P/C ⊕ i2,∗Ω
1
P/C
b
→ i∗Ω
1
S/C
with a being the canonical map, and b being the difference of the two canonical maps. Clearly b is surjective. A check
in local co-ordinates shows4 that im(a) = ker(b). This gives an exact sequence
1→ ker(a)→ Ω1X/C → ker(b)→ 1.
It now suffices to show H3(X, ker(a)) = H3(X, ker(b)) = 0. Since a is an isomorphism away from S and dim(S) =
2, it is clear that H3(X, ker(a)) = 0. For ker(b), since H3(P,Ω1
P/C) = 0, it suffices to check that H
2(S,Ω1S/C) = 0
or, equivalently, that H1(S, ωS) = 0 (by Hodge symmetry). If π : S → S0 denotes the blowup, then Rπ∗ωS ≃
ωS0 as S0 has rational singularities, so we want H1(S0, ωS0) = 0. The adjunction identification ωS0 ≃ ωP3 |S0 ⊗
(IS0/I
2
S0
)∨ ≃ O(d− 4)|S0 does the rest as Hi(P3,O(j)) = 0 for i ∈ {1, 2} and any j.
Remark 5.7. In Example 5.6, we showed that H4(X,Ω∗X/C) = Fil
2H4(X,Ω∗X/C) where Fil refers to the stupid
filtration on Ω∗X/C. In particular, this example negatively answers (as predicted) the question in [AK11, Remark 3.13].
Remark 5.8. In Example 5.6, the Mayer-Vietoris sequence shows that H4(Xan,Q) ≃ Q(−2)3 as mixed Hodge
structures, so the problem encountered in that example does not come from a mismatch of weights.
Remark 5.9. The 3-fold X in Example 5.6 is the fibre over p of proper flat family π : X → S0 defined over Q. The
fibre over any Q-point s of S0 is a 3-folds Xs homotopy-equivalent to X with dim(c2(K0(Xs)⊗Q)) = 3 provided
we assume the Bloch-Beilinson conjecture that zero cycles of degree 0 on S0 defined over Q are torsion (since the
Albanese of S0 is trivial). This shows the necessity of the genericity assumption on p in Example 5.6.
REFERENCES
[AK11] Donu Arapura and Su-Jeong Kang. Ka¨hler-de Rham cohomology and Chern classes. Comm. Algebra, 39(4):1153–1167, 2011.
[Avr99] Luchezar L. Avramov. Locally complete intersection homomorphisms and a conjecture of Quillen on the vanishing of cotangent homol-
ogy. Ann. of Math. (2), 150(2):455–487, 1999.
[BdJ] Bhargav Bhatt and Aise de Jong. Crystalline cohomology and de rham cohomology. Available at
http://arxiv.org/abs/1110.5001.
[Bha] Bhargav Bhatt. p-adic derived de rham cohomology. Available at http://arxiv.org/abs/1204.6560.
[Car08] Gunnar Carlsson. Derived completions in stable homotopy theory. J. Pure Appl. Algebra, 212(3):550–577, 2008.
[DB81] Philippe Du Bois. Complexe de de Rham filtre´ d’une varie´te´ singulie`re. Bull. Soc. Math. France, 109(1):41–81, 1981.
[Del71] Pierre Deligne. The´orie de Hodge. II. Inst. Hautes ´Etudes Sci. Publ. Math., (40):5–57, 1971.
[GM92] J. P. C. Greenlees and J. P. May. Derived functors of I-adic completion and local homology. J. Algebra, 149(2):438–453, 1992.
[Gro66] A. Grothendieck. On the de Rham cohomology of algebraic varieties. Inst. Hautes ´Etudes Sci. Publ. Math., (29):95–103, 1966.
[Gro68] A. Grothendieck. Crystals and the de Rham cohomology of schemes. In Dix Expose´s sur la Cohomologie des Sche´mas, pages 306–358.
North-Holland, Amsterdam, 1968.
[Gro95] Alexander Grothendieck. Technique de descente et the´ore`mes d’existence en ge´ometrie alge´brique. I. Ge´ne´ralite´s. Descente par mor-
phismes fide`lement plats. In Se´minaire Bourbaki, Vol. 5, pages Exp. No. 190, 299–327. Soc. Math. France, Paris, 1995.
[Har75] Robin Hartshorne. On the De Rham cohomology of algebraic varieties. Inst. Hautes ´Etudes Sci. Publ. Math., (45):5–99, 1975.
[HL71] M. Herrera and D. Lieberman. Duality and the de Rham cohomology of infinitesimal neighborhoods. Invent. Math., 13:97–124, 1971.
[Ill71] Luc Illusie. Complexe cotangent et de´formations. I. Lecture Notes in Mathematics, Vol. 239. Springer-Verlag, Berlin, 1971.
[Ill72] Luc Illusie. Complexe cotangent et de´formations. II. Lecture Notes in Mathematics, Vol. 283. Springer-Verlag, Berlin, 1972.
[Jan90] Uwe Jannsen. Mixed motives and algebraic K-theory, volume 1400 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1990.
With appendices by S. Bloch and C. Schoen.
4The claim im(a) = ker(b) is e´tale local on X , and makes sense for any “normal crossings union” of smooth varieties. Thus, we may assume
that X is the product of a nodal curve with a smooth variety. The claim is easy to check for nodal curves, and then follows for X by the Kunneth
formula for Ω1
−/C
as well as the exact sequence 1→ OX → OZ1 ⊕ OZ2 → OZ1∩Z2 → 1.
16
[Lee09] Ben Lee. Local acyclic fibrations and the de Rham complex. Homology, Homotopy Appl., 11(1):115–140, 2009.
[Lur11a] Jacob Lurie. Derived algebraic geometry XII: Proper morphisms, completions, and the Grothendieck existence theorem. Available at
http://math.harvard.edu/
˜
lurie, 2011.
[Lur11b] Jacob Lurie. Higher Algebra. Available at http://math.harvard.edu/
˜
lurie, 2011.
[Mum68] D. Mumford. Rational equivalence of 0-cycles on surfaces. J. Math. Kyoto Univ., 9:195–204, 1968.
[Qui67] Daniel Quillen. Homotopical algebra. Lecture Notes in Mathematics, No. 43. Springer-Verlag, Berlin, 1967.
[Qui70] Daniel Quillen. Homology of commutative rings. Unpublished notes from an M.I.T. course., 1970.
17
